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Is therea Small World?

² The“Small World Phenomenon”is a
namegivento theobservationthateven
strangersareconnectedby ashortchain
of acquaintances.

² The�rst datato supportthiswasan
experimentby Stanley Milgram from
1967.

² Milgram sentlettersto volunteersin the
midwestUSA asking them to forward
packagesto a stockbroker in Boston,
only goingthroughpeoplethey knew.
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Milgram Experiment

² Milgram reportedthatonaveragethepackages
reachedtheirdestinationin only six steps.Hence
“six degreesof seperation”.

² More recentanalysisseemsto con�rm someof
theresults:

The Small World Project
(http://smallworld.columbia.edu)hassimulated
almost25,000chainsusingtheInternet.See
Doddsetal, 2003.
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An Example.

Usingorkut.com,awebsitethatmapssocialnetworks
wecan�nd pathsbetweenrandompeople.For
example:

From:

MissFernanda
Trincado,SantaCruz

delSol,Brazil.

To:

OskarSandberg,
Göteborg, Sweden.
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An Example. cont.

Fernanda
Trincado

Knows:

Leandro
Toledo

Whosebrother
is:

Marcelo
Toledo

Whoknows:

NatFriedman

Whoknows:

Roger
Dingledine

WhoKnows:

Oskar
Sandberg
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Mathematical Models.

² Erdös-Renyi typerandomgraphshave low
diameter.

² However, they areseldomagoodmodelof the
realworld.

² Realworld graphsusuallydisplayclustering:if
two nodesshareacommonneighbor, it makes
themmorelikely to beconnected.
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Watts and StrogatzModel.

WattsandStrogatzproposedtheir smallworld model
in 1998.

² Divide theedgesinto two classes,most“local”
but some“long- range”.

² Localedgesrepresenttheunderlyingclustered
structure(yourneighbors).

² Thelong- rangearerandommatchingsof nodes
on thegraph.
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Watts and StrogatzModel. cont.

Similar constructionshavebeenaroundmuchlonger.
Setthenodesin a ring,

andaddrandomlinks.
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Watts and StrogatzModel. cont.

² It hasbeenshown (Bollobas& Chung,1988)that
suchagraphhasµ(log n) diameterwith ahigh
probability.

² W & Sdemonstratedthatmany realworld graphs
have thesekindsof properties.(Not only social
networks,but powergrids,neuralnetworks,etc.)

² Adamic(1999)foundthattheWorld WideWebis
alsosimilar.
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The Algorithmic Perspective.

² WattsandStrogatzis apowerful model,but it
fails to addressthealgorithmicproblemposedby
Milgram'sexperiment.

² Notonlydo thepathsexist,peoplecan�nd them.

² Constructingshort paths
is a dif�cult problem,
even with global knowl-
edgeof agraph.
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The Algorithmic Perspective.
cont.

Is it possibleto route(�nd shortpaths)with only local
knowledgein theWatts& Strogatzmodel?

² JonKleinberg investigatedtheproblem(2000)
andfoundthatthisnot thecase.

² In a ring of sizen with randommatchings,the
expectedpathlengthof any routingalgorithmis
­( n1=2).
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Proof Sketch

Pathsare­( n1=2).

² Let A bethesetof verticeswithin
p

n of the
destination.

² Theprobabilitythatanodeencounteredlinks to
A is 1=

p
n. Soweexpectedto go

p
n steps

before�nding sucha link.
² But if wedon't �nd a link to insideA, wemustat

leastwalk
p

n stepsbeforereachingthe
destination.
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The Algorithmic Perspective.
cont.

² Consideragain thering asourbasestructure.

² Againwewish to addrandomedgesto make it a
smallworld, but this timewedosothatthe
probabilitythatnodex choosesy for aneighbor
is `(x; y).

² Kleinberg studied the class
`(x; y) = kjx ¡ yj® for differ-
ent ®, with k as the normal-
izer.
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Kleinberg'sResult

`(x; y) = kjx ¡ yj®

² When® > ¡ 1 therearetoomany long links, and
wecannot�nd theright ones.

² When® < ¡ 1 wecan�nd long links takingus
theright way, but not farenough.

² But ® = ¡ 1 is just right !
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GreedyRouting

Greedyrouting: Alwaysrouteto theneighborwhich
is closestto thedestination.

² If networksareconstructedaccordingto
Kleinberg'smodelwith ® = ¡ 1, thengreedy
routingbetweenany two pointsis expectedto
takeO(log2 n) steps.

² For any othervalueof ®, anydecentralized
routingalgorithmis lower-boundedby a rootof
thegraphsize.
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Proof Sketch

Kleinberg'smethodfor showing upperboundwhen
® = ¡ 1 is essentially:

² Notethat`(x; y) ¸ c
jx¡ yj logn .

² If thedistancefrom x to thequerydestinationis
±, thereare±nodesthathalve thedistance.

² For eachsuchnodey, `(x; y) ¸ c
(2±) logn .

² Thustheprobabilityof �nding ashortcutthat
halvesthedistanceis ­(1 =logn).

OskarSandberg - 2006– p.16/17



Proof Sketch

Kleinberg'smethodfor showing upperboundwhen
® = ¡ 1 is essentially:

² Notethat`(x; y) ¸ c
jx¡ yj logn .

² If thedistancefrom x to thequerydestinationis
±, thereare±nodesthathalve thedistance.

² For eachsuchnodey, `(x; y) ¸ c
(2±) logn .

² Thustheprobabilityof �nding ashortcutthat
halvesthedistanceis ­(1 =logn).

OskarSandberg - 2006– p.16/17



Proof Sketch

Kleinberg'smethodfor showing upperboundwhen
® = ¡ 1 is essentially:

² Notethat`(x; y) ¸ c
jx¡ yj logn .

² If thedistancefrom x to thequerydestinationis
±, thereare±nodesthathalve thedistance.

² For eachsuchnodey, `(x; y) ¸ c
(2±) logn .

² Thustheprobabilityof �nding ashortcutthat
halvesthedistanceis ­(1 =logn).

OskarSandberg - 2006– p.16/17



Proof Sketch

Kleinberg'smethodfor showing upperboundwhen
® = ¡ 1 is essentially:

² Notethat`(x; y) ¸ c
jx¡ yj logn .

² If thedistancefrom x to thequerydestinationis
±, thereare±nodesthathalve thedistance.

² For eachsuchnodey, `(x; y) ¸ c
(2±) logn .

² Thustheprobabilityof �nding ashortcutthat
halvesthedistanceis ­(1 =logn).

OskarSandberg - 2006– p.16/17



Applications.

² Kleinberg's resultshowshow Milgram type
experimentscanbesuccessful.Thereare
networkswhereonecanroutefrom onepoint to
anotherin asmallnumberof steps.

² While thesocialnetworksapplicationis “cute”
andappealing,it is of limited application.

² Moredirectlyusefulapplicationsaredata
networks.Symphonyis adistributedhashtable
(SinghMankuetal 2003)basedon thismodel.
Eachcomputerin thenetwork is anode,andwe
canroutebetweenthenef�ciently .

OskarSandberg - 2006– p.17/17



Applications.

² Kleinberg's resultshowshow Milgram type
experimentscanbesuccessful.Thereare
networkswhereonecanroutefrom onepoint to
anotherin asmallnumberof steps.

² While thesocialnetworksapplicationis “cute”
andappealing,it is of limited application.

² Moredirectlyusefulapplicationsaredata
networks.Symphonyis adistributedhashtable
(SinghMankuetal 2003)basedon thismodel.
Eachcomputerin thenetwork is anode,andwe
canroutebetweenthenef�ciently .

OskarSandberg - 2006– p.17/17



Applications.

² Kleinberg's resultshowshow Milgram type
experimentscanbesuccessful.Thereare
networkswhereonecanroutefrom onepoint to
anotherin asmallnumberof steps.

² While thesocialnetworksapplicationis “cute”
andappealing,it is of limited application.

² Moredirectlyusefulapplicationsaredata
networks.Symphonyis adistributedhashtable
(SinghMankuetal 2003)basedon thismodel.
Eachcomputerin thenetwork is anode,andwe
canroutebetweenthenef�ciently .

OskarSandberg - 2006– p.17/17


	Is there a Small World?
	Milgram Experiment
	An Example.

